We study infrared conformality of the twelve-flavor QCD on the lattice. Utilizing the highly improved staggered quarks (HISQ) type action which is useful to study the continuum physics, we analyze the lattice data of the mass and the decay constant of a pseudoscalar meson and the mass of a vector meson as well at several values of lattice spacing and fermion mass. Our result is consistent with the conformal hypothesis for the mass anomalous dimension γ m ∼ 0.4 − 0.5.
I. INTRODUCTION
is the case, the walking technicolor should be realized in a slightly broken phase very close to the conformal window, N f ≈ 12, such that m D ≪ Λ, with m D being on the electroweak scale order and Λ being usually identified with the extended technicolor scale. Although the IR fixed point actually disappears at µ ∼ m D (≪ Λ), the coupling is still almost nonrunning as a remnant of the would-be IR fixed point for the wide IR region m D < µ < Λ, which is relevant to the physics with the critical value γ m ≃ 1 valid all the way up to the scale Λ.
In the conformal phase with the bare fermion mass m f , the low-energy behavior of the hadron spectra should obey the same scaling relation (hyperscaling relation) near the IR fixed point, M ∼ m 1/(1+γ * ) f , where M is the hadron mass and γ * is the mass anomalous dimension γ m at the IR fixed point. For small m f , we can expect that γ m ≃ γ * in the wide region all the way up to the scale Λ where the IR conformality is operative. On the other hand, if the chiral symmetry is spontaneously broken (not in the conformal phase), the low-energy physics could be described by the chiral perturbation theory (ChPT).
As a powerful nonperturbative study of such a problem, one can use lattice QCD simulations, which can, in principle, determine the phase structure of the SU(3) gauge theory with a various number of fermions through investigating nonperturbative running of gauge coupling, low-energy spectra, chiral condensates, and so on. Furthermore, when the theory is inside the conformal window, one can also calculate critical exponents such as the mass anomalous dimension. A similar analysis could be approximately applied to the slightly broken phase (m D ≪ m f ≪ Λ) reflecting the remnant of the conformality, which is vital to the study of the walking technicolor.
In lattice calculation, there exist effects of the finite size boundary and finite fermion masses, which breaks the IR conformality explicitly and also deforms the ChPT. In the case of the conformal phase, it may cause serious uncertainties, since the IR scale is given by the inverse lattice size L On the other hand, even in the chiral-broken phase, there still can exist an approximate hyperscaling relation, as far as m D ≪ m f ≪ Λ, as a remnant of the approximate scale invariance, while there exist finite size effects and higher-order contributions which make it difficult to understand the ChPT particularly in the large N f QCD. Here, we should point out that the validity region of the ChPT is extremely restricted near the conformal window where the decay constant of π (f π ) in the chiral limit is expected to be very small and, particularly, N f is large. For the consistency of the ChPT [12] , it is required that the expansion parameter [13] [14] [15] for the mass of π (M π ) is small,
which, however, could become easily violated when simulation is made for M π away from chiral limit.
There are many lattice results on the large N f QCD in recent years. In addition to the pioneered works [16] [17] [18] for the study of the phase structures, there has been a lot of progress on the lattice calculations such as the renormalized running coupling, hadron spectra, finite temperature transitions, etc. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In particular, for the N f = 12 the system has been widely investigated by the lattice approach focusing on determining the phase structure: A recent large-volume analysis for the hadron spectra gives the result favoring the chiral-broken phase [24] , while other groups with similar analyses using the same data conclude that this model favors the conformal phase [31, 32] . Thus, it is controversial at present whether this theory is in the conformal or the chiral-broken phase.
Another concern is the value of β(≡ 6/g 2 ) in simulations. It is suggested that there are some phase structures inherent to the lattice model even for a small number of flavors.
Actually, following earlier suggestions [9, 11] , there have been some studies about the lattice phase diagram in the large N f QCD [21, 29, 33] which, in fact, indicate a nontrivial lattice phase with a bulk transition at β other than the critical value of β which is associated with the IR fixed point we are interested in. Thus, it is important to survey the β dependence for the investigation of the low-energy physics.
In this work, we study the phase structure of the twelve-flavor QCD. Preliminary results
were given in Ref. [34] . We utilize the highly improved staggered quarks (HISQ) type action [35, 36] to reduce the discretization error. This is the first attempt to use the HISQ-type action for the large N f QCD. A salient feature of our work is that we perform simulations of N f = 12 in comparison with other cases of N f = (0), 4, 8, 16 which we do simultaneously with the same systematics based on the same HISQ-type action [34, 37] . We make simulations
at two values of β (≡ 6/g 2 ) (or two lattice-spacings), with g being the bare gauge coupling, to study the lattice spacing dependence of the data for the reason we described above. Our results suggest that two coupling regions are consistent to be in the asymptotically free region, where we discuss lattice spacing dependence of the physical quantities.
We investigate several bound-state masses such as the pseudoscalar meson π (corresponding to the exact NG boson if it is in the broken phase) and vector meson ρ as well as the decay constant of π, by varying the fermion bare mass m f .
Concerning the controversy about the previous lattice studies of N f = 12 QCD mentioned before, it should be pointed out that there is a problem in judging whether this theory is in the conformal or the chiral-broken phase from the fit analysis using lattice data of the hadron spectra with finite fermion bare mass m f , which fully depends on the fitting forms of the ChPT fit in the chiral-broken phase as well as on the hyperscaling relation in the conformal hypothesis. Indeed, we do not know the systematics of the corrections due to the finiteness of the mass m f and the volume size L in either case, which could make some confusion.
In the present work, we introduce an alternative quantity for the scaling test of the conformal hypothesis with finite volume in the analyses of the simulations for N f = 12 QCD.
Using this method, it is possible to analyze the data without any specific function form as a fitting function to the data. We can discuss possible finite mass and finite size corrections.
We find that the results are consistent with hyperscaling for γ * ∼ 0.4 − 0.5. This can be compared with the value γ SD * ≃ 0.80, the value calculated through the ladder Schwinger- [1, 38] for two-loop α * ≃ 0.754 and α cr = π/4 3 .
Moreover, for concrete understanding of possible corrections, we try to perform several fits with some correction terms.
We also perform the ChPT analysis of our data. It turns out that our data are far from satisfying the consistency condition in Eq. (1).
Our paper is organized as follows. In Sec. II, we explain our model and simulation setup.
The results of the numerical simulations for the spectra are shown in Sec. III. Further study of dimensionless ratios composed of these measurements will be performed for the study 3 Using three-loop (four-loop) α * in the MS-bar scheme in this expression, one obtains γ SD * ≃ 0.33 (0.37).
Note that γ SD * can be written as γ
. This is also compared with perturbative two-loop (γ * ≃ 0.77), three-loop (γ * ≃ 0.31), and four-loop (γ * ≃ 0.25) calculations [39] .
of the hyperscaling. The consistency of the asymptotically free domain is also discussed from the β dependence of these observations. Our main result is given in Sec. IV, where we introduce a method for the scaling test for conformal hypothesis and analyze the data using this method. We deduce the anomalous dimension from our analysis. In Sec. V we perform the analysis based on the fit function which includes the corrections to hyperscaling as suggested by certain models. In Sec. VI, we briefly summarize the results on the analysis of the SχSB scenario. The summary and discussion are given in Sec. VII. In Appendix A, we show the results for other spectra than those discussed in the text. In Appendix B, we
show the numerical details of the fit results on the finite size hyperscaling. In Appendix C, the details of the fit analysis based on the ChPT are shown.
II. THE BASIS METHODS FOR THE STUDY OF THE CHIRAL PROPERTIES

A. Continuum theory
Our target is the SU(3) gauge theory with N f = 12 of massless Dirac fermions in the fundamental representation. Investigating the spectral quantities in mesonic channel of the mass-deformed theory, we try to determine the phase and the quantities which are characteristic to the associated phase. We use the technique of lattice gauge theory, whose continuum counterpart is briefly described here. The continuum Euclidean action reads,
where ψ q denotes the 12-flavor fundamental fermions with degenerate mass m f . The flavor nonsinglet bilinear operators P a ≡ψγ 5 σ a ψ for the pseudoscalar andṼ 
calculated using the action Eq. (2). The pseudoscalar decay constant is obtained through the matrix element of the pseudoscalar operator,
using partially conserved axial current (PCAC) relation 4 .
If the theory is in the conformal window, M H and F π obey the conformal hyperscaling
where γ * denotes the mass anomalous dimension at the IR fixed point. This relation is the fundamental scaling appearing in the critical phenomena of the statistical mechanics. In the context of the conformal window in the large N f QCD, see, for example, Ref. [40] . On the other hand, if the theory is in the phase of SχSB, leading mass dependence will be
with c 0 = 0, and the vector meson mass does not vanish in the chiral limit.
The spectra obtained in our lattice simulation will be tested against these two hypothesis in the following sections. This nondegeneracy would manifest itself as the nondegeneracy of the would-be degenerate 12 × 12 − 1 mesons in the continuum theory. As the number of the effective light degrees of freedom is important to the critical phenomena, such as the IR conformality near the IR fixed point, this nondegeneracy needs to be made much smaller than other characteristic 4 We use the convention as F π = √ 2f π , where f π = 93 [MeV] in the real-life QCD.
scales of the theory. This can be achieved by taking the continuum limit or using the lattice action which suppresses these effects at a given lattice spacing.
We use a version of the HISQ [35, 36] to simulate this system. This action has the best continuum scaling among the staggered actions used so far in the real QCD simulations.
For practical reasons, the tree-level improved Symanzik gauge action instead of the 1-loop tadpole improved one is adopted. Exactly the same setting, called HISQ/tree, but with the rooting for 2+1 flavor simulation, has been used for the QCD thermodynamics and has lead to an expectedly good reduction of the flavor-symmetry violation in the pseudoscalar mass splitting [41] . We actually observe excellent results for the flavor symmetry in our N f = 12 simulations, which is briefly shown in Appendix A.
We use three lattice volumes (L, T ) = (18, 24) , (24, 32) , and (30, 40) Monte Carlo algorithm using MILC code ver. 7 with some modifications to suit our needs.
The boundary condition is set periodic for all except temporal boundary for fermions, which is made antiperiodic. We accumulate 400-1200 thermalized trajectories for each ensemble.
Calculation of the mesonic correlation functions is performed at every 2-10 trajectories, thus, we have 70-400 samples for each ensemble. The error analysis is performed with the standard jackknife method with a suitable bin size 10 − 100 depending on the ensemble parameter.
For comparison, we also analyze the N f = 4 theory which is in the phase of SχSB, where the same lattice action is used. Some detail of the N f = 4 simulation is given in Ref. [37] and the forthcoming publication.
III. NUMERICAL RESULTS AND PRIMARY ANALYSIS
We measure the two-point correlation functions of the staggered bilinear pseudoscalar operator which corresponds to the NG mode associated with the exact chiral symmetry of the staggered fermions. The corresponding spin-flavor structure is (γ 5 ⊗ ξ 5 ), denoted by "PS" in Ref. [42] . The random wall source is used for the quark operator for the bilinear, which becomes a noisy estimator of the point bilinear operator with spatial sum at a given time slice t 0 . We combine quark propagators solved with periodic and antiperiodic boundary conditions in the temporal direction (see, e.g., Ref. [43] ). In this well-known technique, the temporal size is effectively doubled, which enables us to have sufficient range for the fitting, which only takes into account the ground state. Denoting such a π correlator as C PS (t), 
where M π is a mass of the π and the fit range is taken [t min , T ]. Similarly we can obtain F π from this operator. The values of t min are taken as t min = 16 − 22 and 18 − 22 at β = 3.7 and 4, respectively.
We measure M ρ from the staggered vector meson operator (γ i γ 4 ⊗ ξ i ξ 4 ), denoted by PV in Ref. [42] . The asymptotic form of the PV correlator may be written as
where M a 1 corresponds to the mass of the axial vector meson. Since there exists a constant mode due to the wrapping-around effect, we useG
Again, the results of effective mass calculated withG PV for L = 30 are shown in Fig. 2 . The fitting range for the PV correlator is [t min , T ] with t min = 10 − 12, and 12 − 14 at β = 3.7 and 4, respectively, which is enough to isolate the ground state, i.e. ρ.
We obtain M ρ by the fit of the two-point correlators ofG PV by a simple fit function:
All the raw results of N f = 12 theory which are used in the next sections are shown in the Tables I-VI . In these tables, we also show the number of the thermalized trajectory for each parameter, by which we measure the masses and the decay constant.
Besides these main channels, we study the masses of mesons made with local operators, a non-NG channel (γ 5 γ 4 ⊗ ξ 5 ξ 4 ) denoted by "SC", and a vector meson (γ i ⊗ ξ i ) denoted by "VT" in Ref. [42] . They are compared against PS and PV in Appendix A, which indicates the flavor-breaking effect of the HISQ is very small. For a primary analysis, dimensionless ratios composed of these measurements will be 
0.05 1000 0.3290(25) 0.3819(81) 0.0615 (7) 0.06 1000 0.3677(13) 0.4353(43) 0.0714 (7) 0.08 1000 0.4459(11) 0.5257(31) 0.0875 (9) 0.1 1000 0.5210 (7) plotted against the π mass. In the rest of this section, we write lattice spacing a explicitly and consider M π as dimensionful quantity. As a reference, we have calculated the N f = 4 case as plotted in Fig. 3 , which resembles a familiar QCD-type behavior. The upward tendency of F π /M π toward the chiral limit is consistent with the SχSB [Eq. (6)]. Similar observation can be made for the other ratio M ρ /M π shown in the right panel of Fig. 4 . Here, the flattening is observed for β = 3.7 again, but the range is wider than F π /M π . In this case, β = 4 shows the flattening, also. The difference of the constant is made possible due to a discretization effect.
In the following, further detailed study using these data is performed. From the observation here, we note that the region where hyperscaling is realized could be limited to the smaller masses. Further, the scaling range of the π decay constant may be narrower at β = 3.7, and there may be no scaling range for the decay constant at β = 4.
Existence of the scaling for F π at β = 3.7 and absence at β = 4 at the same aM π can be made possible if the M π in the physical unit is larger (thus the correction is no longer negligible) for β = 4, i.e. the lattice spacing decreases as β increases. In that case, the physical volume is smaller for β = 4, which gives a reason for the volume effect observed only for β = 4.
To see if the inequality of the lattice spacing a(β = 3.7) > a(β = 4) holds, a matching between the two data sets of M ρ /M π vs aM π is performed. We will not use F π /M π for the matching due to the existence / nonexistence of the volume effect for β = 3.7 / 4. If an aM π point which describes the same physics is found for each β separately, it can be regarded that the ratio of the lattice spacing as M π in physical units is the same for them.
We exploit the mass dependence at the tail for this matching. To do that, first, the matching of the overall factor absorbing the discretization error in the vertical direction needs to be performed, which can be done by introducing a factor R to multiply M ρ /M π for β = 4 and to tune it to match the plateau to that of β = 3.7. Then, the remaining difference which may appear at the tail is absorbed by the horizontal matching factor r as r · M π . Figure 5 is the same as Fig. 4 , after a crude matching is done with (R, r) = (1.035, 1.1). In this particular definition of the lattice spacing and with a crude analysis, the ratio of the lattice spacing is a(β = 3.7)/(β = 4) ∼ 1.1, and thus a(β = 3.7) > a(β = 4) holds. The fact that the lattice spacing decreases as β = 6/g 2 increases is consistent with being in the asymptotically free domain, even if there is an IR fixed point in the beta function.
IV. FINITE-SIZE HYPERSCALING A. Preliminary
In the conformal window with finite masses and volume, the renormalization group analysis tells us the scaling behavior for low-energy spectra which should obey the universal scaling relations 5 as where p distinguishes the bound state, p = π or ρ in this study, or
The product of bound-state mass or decay constant and linear system size falls into a function of a single scaling variable
where γ * is the mass anomalous dimension at the IR fixed point. We call these scaling relations "finite-size hyperscaling" (FSHS). The forms of the scaling functions f p (x) are unknown in general. However, as the hyperscaling relation Eq. (5) must be reproduced in large volumes, the asymptotic form should be f (x) ∼ x at large x.
Now we examine whether our measurements of bound state mass and decay constant at different m f and L obey FSHS. First, to visualize how the scaling works, we follow the analysis given, for example, in the model of the SU(3) with sextet fermions [47] and the SU(2) with adjoint fermions [48] . Panels in Fig. 6 show ξ π as functions of
for several values of γ. It is observed that the data points align at around γ = 0.4, while they become scattered for γ away from that value. This indicates a possible existence of FSHS with γ ∼ 0.4. A similar alignment is observed for ξ F in Fig. 7 as well. In this case, one finds the optimal scaling at around γ ∼ 0.5.
These results are in contrast to our results for the N f = 4 system with the same lattice action with β = 3.7, in which the chiral symmetry is spontaneously broken. It is found in Fig. 8 that the alignment is observed at γ = 1, which is interpreted as a realization of Eq. (6) . The π decay constant does not exhibit alignment at any value of γ allowed for the unitarity requirement 0 ≤ γ ≤ 2 [49] [50] [51] (Fig. 9) .
B. Quantitative analysis
To quantify the "alignment" we introduce an evaluation function P (γ) for an observable p as follows. Suppose ξ j is a data point of the measured observable p at
and δξ j is the error of ξ j . j labels distinction of parameters L and m f . Let K be a subset of data points {(x k , ξ k )} from which we construct a function f (K) (x) which represents the subset of data. Then, the evaluation function is defined as where L runs through all the lattice sizes we have, the sum over j is taken for a set of data points which do not belong to K L which includes all the data obtained on the lattice with size L. N denotes the total number of summation. Here, we choose for the function f (K L ) a linear interpolation of the data points of the fixed lattice size L for simplicity, which should be a good approximation of ξ for large x.
This evaluation function takes a smaller value when the data points are more closely collapsed to the line f (K L ) and thus provides a measure of the alignment. P (γ) varies as the choice of parameter γ and should show a minimum at a certain value of γ when the optimal alignment of data is achieved. We take it as the optimal value of γ.
We then estimate the uncertainty of the optimal γ by properly taking account of the statistical fluctuation of ξ i as well as its effect to the line f (K L ) . For this purpose, we employ the parametric bootstrap method, in which the data point is simulated by a random sample generated by Gaussian distribution with the mean ξ j and the standard deviation δξ j . The distribution of γ is thus obtained for a large number of these samples, from which the variance of γ is estimated. The systematic error associated with the interpolation will be estimated by choosing different functional form with linear or quadratic splines as will be discussed subsequently.
Our method for lattice study is similar to those used in the literature [32, 47, 52] , based on the study of the critical phenomena in a finite-volume system [53] 7 . We incorporated the uncertainty of data points as the weights in the evaluation function so that it is normalized to one when the distance between the data points and the interpolated line is equal to the 7 After submitting this paper, we were informed that a similar method had been considered in the literature [54, 55] . We thank David Schaich for the information. standard deviation of the data point. The unweighted version of the evaluation function has also been examined in our analysis, which resulted in values consistent with the optimal γ.
In the evaluation function Eq. (13), the data points need to be taken for a range of
in which there is an overlap of available data for all volumes, L = 18, 24, and 30. The maximum value of m f is chosen so that M π < ∼ 1 is satisfied, and the minimum is chosen so that the finite-volume effect on the mass of the bound state is not too large.
Therefore, for all the values of γ to be examined, we consider the range of m f as follows:
The minimum x min should be such that m f = 0.04 for the largest volume L = 30 at β = 3.7, or m f = 0.05 at β = 4, and the maximum x max should be such that m f = 0.2 for the smallest volume L = 18 at β = 3.7, or m f = 0.24 at β = 4. Around the optimal value of γ, we have 12 data points for β = 3.7 and 11 for β = 4 within the range [x min , x max ]. Note, however, we may need to incorporate some neighboring data outside this range to obtain the interpolated value f (K) (x) by the spline functions.
The line marked by "all" in Fig. 10 plots the values of the evaluation function using all data in x min ≤ x ≤ x max for β = 3.7. A clear minimum is observed, at which the optimal alignment of the data is achieved. We repeat this analysis for each observable and at each value of β. The results are tabulated in the column labeled by "all" of Let us now recall that from the naive analysis of the ratio in Sec. III, the scaling region may be restricted to a range of smaller masses. To capture such an effect, we need to study systematically how the range of fermion mass affects the evaluation function and the resulting optimal γ. In this regard, we define a window of the parameters x and L to which the data are restricted in evaluating the evaluation function and see if the results change against the choice of the window.
We consider a window in the x direction which has a span ∆x/2, where ∆x = x max − x min and slide it with an interval ∆x/4. There are three choices of windows denoted by range 1, window for L = 18 and 30, and the third window for L = 24 and 30. In these windows in L directions, the whole x range [x min , x max ] is considered.
The evaluation function P (γ) of the π mass for each window is also plotted in Fig. 10 .
It is noted that the value of P (γ) is O(1) at the minimum. The optimal values of γ which minimize P (γ) are summarized in Table VII , where the numerals in the parentheses include the statistical and systematic errors. The systematic error due to the ambiguity of the interpolation is estimated by the difference of the optimal γ's obtained with linear and quadratic spline interpolations. The comparison of these P (γ) is shown in Fig. 13 . The minima for the quadratic spline interpolation appear approximately at the same place as those for the linear one. The systematic error is thus small, and it is found to be always smaller than the statistical error in the analysis with the whole data points.
Let us first look at the case of M π at β = 3.7 in Table VII . We do not observe the window dependence beyond the error bars, and thus ξ π is well-described by a function of a single variable x. If there is IR conformality, the nonuniversal correction to the hyperscaling is negligible at this precision. Then, from the fact that in Sec. III, the scaling is observed in the small mass range for the ratio M ρ /M π at β = 3.7, it is suggested that there should be certain window dependence of γ from M ρ . As γ(M π ) = 0.434(4) and γ(F π ) = 0.459(8) at β = 3.7, if one restricts the mass range for M ρ to the smaller side, then the value of γ(M ρ )
should get closer to that of γ(M π ). This is actually the case, as is observed from Table VII in which γ(M ρ ) reduces for smaller mass range (toward range 1) and larger volume (toward L = 24, 30). The similar trend for the x-range dependence as for M ρ at β = 3.7 is observed for F π at β = 3.7, too. The direction of the movement is correct, but it does not get close enough to the value of γ(M π ). Moreover, the L range dependence is too weak to conclude that it will get close to γ(M π ). These results may be understood from the fact that in Sec. III, the scaling is observed only in the very small mass range. For F π at β = 4, the L dependence appears to be opposite to the expectation, which can be understood as the result of unobserved scaling in the analysis in Sec. III.
As we cannot completely resolve these trends in the mass dependence, we regard these variations of γ with respect to the change of the window as the systematic error on the central value of γ obtained with "all" data. We put the asymmetric error for both x and L directions separately estimated by the maximum variations from the central value. The results read
where the numerals in parentheses are the combined errors of the statistics and the interpolation, the systematic uncertainties due to the dependence on the volume, and the From these analyses, we conclude that our data for the N f = 12 theory by the lattice simulations are reasonably consistent with the FSHS and, thus, with the IR conformality, if we exclude F π at β = 4 from the analysis. The resulting mass anomalous dimensions from different quantities and two lattice spacings are also reasonably consistent. We quote 0.4 < ∼ γ * < ∼ 0.5 for the value of the mass anomalous dimension at the IR fixed point.
V. NONUNIVERSAL CORRECTIONS TO FINITE-SIZE HYPERSCALING
We found in the previous sections that our data is consistent with the FSHS once the systematic effect due to the limited parameter range is taken into account. The analyses also suggested that the nonuniversal correction to the hyperscaling could be important. In this section, we try to test two plausible models for the correction. To do this test, we need to fix the term for the universal scaling in the following. Therefore, the approach loses generality that the analysis in the previous section had. Thus, the result here is not going to be the main result in this paper, but it still provides useful information.
For this purpose, we use the following formulae for the fit:
The fit A uses a naive fit form based on the hyperscaling relation which is described by the function form of f (x) = c 0 + c 1 x with x = Lm
. This formula is motivated from the results obtained in Fig. 11 , since the clear linearity of the data for large x can be found near the optimal value of γ. The second formula for fit B includes a mass correction term.
As discussed in the previous sections, there may exist some corrections beyond the hyperscaling relations in the region we simulated, so we try to include such contributions. In general, finite-volume corrections exist, and the form is givenà la Fisher [56, 57] . We do not take into account these effects, however, as the analysis in the previous sections indicates the mass correction is more important for the parameter space we simulated.
Among various possible choices, we take α = (3 − 2γ)/(1 + γ), which is inspired by the analytic expression of the solution of the SD equation given in Ref. [58] . We also consider α = 2 case, which is regarded as the small mass correction caused by the explicit chiralsymmetry-breaking effects or due to the lattice discretization artifact. It is noted that, in both cases, the fit function cannot be described by a single scaling variable x = Lm
We denote these fit functions with α = (3 − 2γ)/(1 + γ) and α = 2 as fit B1 and fit B2, respectively. All the details of the fit results are shown in Appendix B, which also includes other fits, for example, the case of α = 1 [31] . We only give a digest of the results. We perform simultaneous fits using M π , M ρ and F π , with common γ for each fit ansatz:
fit A, B1, B2, and for each β separately. In these fit analyses, we assume for simplicity that possible correlation between the data of ξ π , ξ F and ξ ρ is absent. Note that, here, we include the F π data at β = 4, which were excluded in the analysis in the previous section due to the absence of manifest hyperscaling (Fig. 4) . This is because the mass correction in the hyperscaling analysis, which is included here but not there, could amend the possible disturbance to the hyperscaling from the mass correction. To avoid the large finite-size effects, the data used in the fits are restricted to those which satisfy ξ π = LM π ≥ 9 determined by trial and error. Figures 15 and 16 show the fit B2 as examples. Table VIII shows the resulting fitting parameters.
The χ 2 /dof is large > ∼ 5 for the fit A, while it is reasonable (χ 2 /dof ≤ 2) for the fit B1 and B2. This implies that the correction is necessary, and both types of mass correction work.
Let us look into the fit B2 at β = 3.7, for example. The ratio of the terms proportional to 
VI. CHIRAL PERTURBATION THEORY ANALYSIS
A counter scenario to the conformal hyperscaling is the SχSB. Here, we give a digest of the analysis, the detail of which is described in Appendix C.
As the current data set of β = 3.7 simulation has physically lighter quark mass, the property of the chiral limit is captured better than those at β = 4. Therefore, we focus on the former. First, we take the infinite volume limit of M π and F π using a formula inspired by ChPT or finite-size effect of the multiparticle stateà la Lüscher. Then, the π decay constant and mass squared are fit with polynomial functions in m f . Logarithmic mass dependence of these quantities would emerge at the chiral regime and play an important role there. As it turns out, however, our mass range is far from it.
Several fitting ranges are examined for M where we have four mass points. The π mass vanishes in the chiral limit, and the decay constant is nonzero. However, we are not able to conclude these results are consistent with SχSB. The problem can be appreciated if the expansion parameter in ChPT is evaluated.
Using the value of F π in the chiral limit F π = 0.0190(52), the natural expansion parameter [13] [14] [15] of ChPT in the large N f theory as given in Eq. (1) is
which has been evaluated at the lightest point m f = 0.04 on L = 30 lattice, where M π = 0.3028 (14) . For the expansion to be consistent, it should satisfy X < 1. With this large expansion parameter at the smallest mass in the deposit, we are not in the position to judge if the decay constant is really nonzero at the chiral limit from the extrapolation performed here.
VII. SUMMARY AND DISCUSSION
We have studied the SU ( Existence of the nonuniversal correction indicated by the FSHS motivated a study of global fit with models assuming some corrections. By adding a correction term to the lowest-order universal term, the global fit works well with a reasonable χ 2 , though possible correlation was assumed to be absent. Among the tested, the one with the power of the fermion mass fixedà la ladder SD study [58] and another with O((ma) 2 ) discretization error resulted in γ * consistent with FSHS.
In the test of our data against the SχSB scenario, the m f dependence of the π mass squared and decay constant appeared to be consistent with the tree-level mass dependence to second order from chiral perturbation theory, if the data are restricted to sufficiently small m f . The decay constant remains nonzero at the chiral limit with this analysis. It turns out, however, the natural expansion parameter of ChPT estimated using the value of the decay constant at the chiral limit extracted in this analysis is very large X even at the smallest π mass simulated. Therefore, we cannot judge if the decay constant is really nonzero at the chiral limit from the extrapolation performed in this study.
A possibility of SχSB in N f = 12 is not excluded yet. Further efforts would be required to arrive at a decisive conclusion. One possible direction is to use the brute force (larger volume and lighter mass) calculations, which seems very hard. Another may be to gather more information about the spectrum, for example, the mass of glueball and flavor singlet composite state, which could have distinctive signature across the phase boundary.
However, we have confirmed that the general property of the spectrum in N f = 12 theory as functions of m f is completely different from the N f = 4 theory [37] , where we found that the ratio F π /M π gets divergent towards the chiral limit in accord with the ordinary QCD but in sharp contrast to the conformal behavior we have observed for N f = 12. Although the analyses support the conformal scenario, even if the N f = 12 theory breaks chiral symmetry, the breaking scale is very small, so it must be very close to the boundary of the conformal phase transition point. In this case, our result of γ m obtained with assuming the IR fixed point can be regarded as an approximate mass anomalous dimension at the walking regime.
There have already been several studies focusing on the conformality of the N f = 12
SU (3) gauge theory by investigating the masses of composite states of the mass-deformed theory:
Ref. [24] performed a large-scale simulation using the stout-smeared staggered fermions at a single lattice spacing. They performed the global fits of ChPT and conformal scenario.
ChPT fit (without logarithmic terms as in ours), which resulted in a nonzero pion decay constant and chiral condensate, was favored over conformal scenario by examining the χ 2 /dof of the fits. However, the expansion parameter at their lightest quark mass reads X ≃ 34, which is as large as ours [Eq. (17) ]. We note that we have concluded that for such a large X , ChPT is not self-consistent, and hence it is difficult to conclude what is really happening at the chiral limit.
As to their conformal fit, it is equivalent to our fit A in Eq. (15), by which we obtained a χ 2 /dof similar to theirs. (Their estimate of the effective mass anomalous dimension reads γ * = 0.395 (52) , which is consistent with ours.) Although it is not our main analysis, we introduced a mass correction to the conformal type fit (fit B1 or B2), which was required by our data, and obtained a reasonable χ 2 /dof. Looking into more details, we observe a difference in the quark-mass dependence of pion decay constant. Their decay constant is perfectly fitted with the linear function in m f (Fig. 1 middle in Ref. [24] ), while ours exhibits a curvature (Fig. 15 middle or Fig. 21 ). The origin of different behavior is so far unknown.
There have also been studies analyzing the data of Ref. [24] for tests of the conformal hypothesis. Ref. Numerical detail of fit results on the conformal hypothesis are given here. In the conformal hypothesis with a finite volume, we make an attempt to use the fit functions given in Eq. 15. We fix the value of the exponent α to a certain value or to relate with γ in the fit since having two exponents free makes the fit unstable. We consider three possible cases: α = (3 − 2γ)/(1 + γ), 2, and 1; we denote these fit functions as fit B1, fit B2, and fit B3, respectively. We carry out simultaneous fits using all the data for M π , F π , and M ρ with common anomalous dimension γ and/or the parameter α where possible correlation is assumed to be absent. We use same data set for the fit as given in Sec. V. The fit results are shown in Table IX and X for β = 3.7 and β = 4. As already discussed in Sec. V, additional correction terms improve χ 2 /dof for both cases of β = 3.7 and β = 4. In both cases of fit B1 and fit B2, the values of γ are consistent with the value from the analysis of the FSHS test given in Sec. IV. On the other hand, the result of fit B3 gives a slightly smaller value of the γ, but with larger errors.
Appendix C: Details of chiral perturbation theory analysis
In order to give a fair comparison whether or not the chiral symmetry is spontaneously broken, we carry out the fit based on the ChPT hypothesis by using our data.
Finite-size dependence of physical quantities
Here, we study the finite volume effects for M π and F π . To obtain the values of M π and F π in the infinite volume limit, we use the following ChPT-inspired [59, 60] fit functions: where c Mπ and c Fπ are the fit parameters. We carry out the simultaneous fit for each fermion mass by using three data points on L = 18, 24, and 30 at β = 3.7 and β = 4, where we assume for simplicity that possible correlation between the data of M π and F π is absent.
The fit results are shown in Figs. 18 and 19 . As a result, in the entire fermion mass region, our data is well-fitted, and the value of χ 2 /dof for each parameter is O(1). Also, one can find that the difference between the value of L = 30 data and that in the infinite volume limit is negligible. Thus, we use the data on L = 30 to analyze the chiral behaviors of both M π and F π hereafter.
ChPT fit analysis
We analyze the fit using the second-order polynomial function as chiral limit is captured better for β = 3.7 data than for β = 4 data. Therefore, we focus on the former here.
The fit results for M 2 π are shown in Fig. 20 and Table XI . Among these fits, the best-fit values of intercept c 0 is consistent with zero for the fit with m max f = 0.08, while we obtained negative values of c 0 for others. In Table XI , we also show the fit results with c 0 being fixed to zero. As we expect, the values of χ 2 /dof become much larger than unity except for the case with m max f = 0.08. Furthermore, the contribution of the higher-order term with c 2 is not small enough even in the fit result using the data with the smallest mass range. It may indicate that the fermion mass in the data we have is too heavy to take a reliable chiral extrapolation with ChPT-like formula.
In Fig. 21 and smaller mass range, and we obtain tiny but nonzero value of F π in the chiral limit.
If we adopt the fit result with the mass range [0.04, 0.08] at β = 3.7, which is expected to be the most reliable result among those fits, it might look like they are consistent with the hypothesis of SχSB scenario because the result shows that the pseudoscalar mass squared is going to zero along the tree-level ChPT, while the decay constant remain nonzero (though it is tiny) in the chiral limit. However, to be able to conclude that it is consistent with the ChPT fit, one has to check that the expansion parameter of the perturbation is in the legitimate region. Using the value of F π in the chiral limit, F π = 0.0190 (52) , the value of the expansion parameter is estimated as X ≃ 39. Here, we evaluated it using the data with the lightest mass, m f = 0.04, on L = 30 lattice, where M π = 0.3028 (14) . Since the expansion parameter is much larger than one even in the lightest mass region of the fit range, we are not in the position to judge if the decay constant is really nonzero in the chiral limit from the extrapolation performed here. Therefore, investigation with larger volume and smaller masses is needed to draw more definite conclusions regarding the test of the ChPT scenario. 
